In this Letter, a realistic gain-doped broadband ENZ meta-atom in optical frequency range is realized with the step-like meta-dielectric multilayer structures. The developed strategy 19 is carried out based on the Milton representation [20] [21] [22] of the effective permittivity in a dimensionless spectral space under quasi-static condition, while the geometric structures of the gain-doped broadband ENZ meta-atom is obtained from the corresponding spectral structures via an inverse problem. Subsequently, the geometric structures are modified according to the optical nonlocality in metal-dielectric multilayer structures based on the transfer matrix method. 23, 24 The functional optical devices constructed by the gain-doped broadband ENZ meta-atom are also demonstrated to realize exotic electromagnetic properties with low loss, including the prisms for broadband directional emission and the S-shaped lenses for broadband phase front shaping. These results clearly indicate that the gain-doped broadband ENZ metamaterials possess superior electromagnetic properties for advancing many practical applications.
Depicted in Fig. 1(a) , the proposed broadband gain-doped ENZ meta-atom (gain meta-atom) is a twodimensional three-step multilayer structure with the dimensions of 100 nm Â 5 nm and the operation frequency range from 443.702 THz to 489.378 THz. Each step of the gain meta-atom is a metal-dielectric multilayer structure with the dielectric solution doped with gain media. The metallic inclusion is chosen as gold (Au) with the permittivity following the simple Drude model e m ¼ e 1 À x 2 p = xðx þ icÞ ð Þ characterized by the dielectric constant e 1 ¼ 5.7, the plasma frequency x p ¼ 1:3666 Â 10 16 rad=s, and the damping factor c ¼ 3 Â 4:0715 Â 10 13 rad=s. Note that the damping factor is of the value three times higher than the bulk value in order to account for the surface scattering, the grain boundary effect, and the inhomogeneous broadening of the metallic thin film. The permittivity of the gain-doped dielectric solution follows the simple Lorentz mode:
where the first term e r represents the permittivity of the dielectric solution with the value of 2.25, while the following two Lorentz terms (distinguished by the subscript 1 and 2) individually represent the gain effect of two different gain media, the Rhodamine 800 (R800) and the Rhodamine 6G (R6G). In the two Lorentz terms, factor r a1,2 represents the coupling strength of the polarization density in the emission band, frequency x a1,2 represents the center emission frequency, and frequency Dx a1,2 represents the frequency linewidth. Besides, factor DN 1,2 is related to the energy level decay rates, the gain media concentrations, and the external pumping rate. Associated with the designed operation frequency range, the concentration of R800 and R6G is 0.0263281 mol/l and 0.100416 mol/l, respectively, while the external pumping rate is 6:5 Â According to Eq. (1), Fig. 1(b) displays the variation of the permittivity for the gain-doped dielectric solution with respect to the frequency, with the light blue area indicating the designed operation frequency range. The negative imaginary part of the permittivity clearly represents the loss compensation in the gain-doped dielectric solution, while the two resonance peaks of the permittivity imaginary part indicate the center emission frequencies of the two gain media. For comparison, a broadband ENZ meta-atom without gain media (non-gain meta-atom), also composed by Au and dielectric solution (permittivity e r ¼ 2.25) with the same operation frequency range, is designed with a similar structure depict in Fig. 1(a) .
The broadband ENZ meta-atom is designed properly with the filling ratio of Au inclusion in each step f i ¼ h i =h (i ¼ 1, 2, 3) to ensure the zero effective permittivity at the specified frequency in the operation frequency range, and the corresponding thickness of each step d i (i ¼ 1, 2, 3) to modify the interactions between the adjacent steps, leading to the broadband ENZ response across the operation frequency range. Starting from quasi-static condition, the effective permittivity of the gain meta-atom e x reads e x ðsÞ ¼ e g X 3
associated with the effective permittivity of each step e ðiÞ x following the simple mixing rule e ðiÞ x ¼ e g ð1 À f i =sÞ. The factor s is defined as s ¼ sðxÞ ¼ e g =ðe g À e m Þ, while the factor d ¼ P 3 i¼1 d i is the thickness of the gain meta-atom. On the other hand, the effective permittivity e x can also be represented by the Milton representation as
with respect to a series of pole (s i ) and zero (z i ) pairs confined as 0
The values of the zeros z i are defined as z i ¼ Re½sðx i Þ with three frequencies x i equally spaced in the operation frequency range, while the values of the poles s i are determined as s 1 ¼ 0 and
. The zero value of the first pole s 1 is because of the simple mixing rule applied on the effective permittivity of each step. The definition of the pole-zero pairs ensures the effective permittivity e x exactly equals to zero at all zeros under the lossless condition. Regarding the material loss, the variation on the initial zeros z i is considered as
Re e x ðsÞ ½
, thus the real part of the effective permittivity e x will be equal to zero at all varied zeros z 0 i . Finally, the geometric structure (f i ; d i =d) of the gain meta-atom can be obtained through the following inverse problem:
with the results listed in Table I . The above approach is also used to design the non-gain meta-atom with the results in Table II . The corresponding effective permittivity e x based on Eq. (2) is also displayed in Fig. 1(c) , which clearly demonstrates that the material loss [Im(e x )] of the gain meta-atom is strongly suppressed due to the loss compensation of the gain media. Step The above approach is performed under the quasi-static condition, which only considers the filling ratio of the Au inclusions in each step f i and the thickness of each step d i =d in the meta-atom, but not includes the realistic dimensions of the metal-dielectric multilayer meta-atom. To improve the accuracy of the design, the optical nonlocality caused by the strong variation of the electromagnetic field on the dimension of metal-dielectric meta-atom needs to be taken into account. The effective permittivity of each step e ðiÞ x should be re-determined as e Tables I and II 
Based on the realistic dimensions of the meta-atom, the effective permittivity e x can be retrieved by numerical simulations using the finite element method (FEM), according to the definition of effective permittivity e x ¼ Ð D x dV= Ð E x dV. Figure 1(d) displays the results of the retrieved effective permittivity from single meta-atom, which are almost coincident with the results of the quasi-static design shown in Fig. 1(c) , except small perturbations due to the inevitable scattering caused by the internal structures of the meta-atom that is not taken into account in the quasi-static design. It is also worth mentioning that the regions outside the operation frequency range, where the imaginary part of the effective permittivity is negative due to strong loss compensation, suggest the emergence of wave instabilities and amplified spontaneous emission in real experiments.
The loss compensation dramatically suppresses the material loss, leading to superior performance to the gain meta-atom constructed functional optical devices. However, it is worth mentioning that in the functional optical devices constructed by the meta-atoms, the effective permittivity will be slightly different from the single meta-atom due to the optical coupling between adjacent meta-atoms. Figure 2(a) indicates the effective permittivity of the meta-atom array, juxtaposed by N x Â N y ¼ 5 Â 10 meta-atoms with the total dimensions comparable to the wavelength in free space. It is shown that although the effective permittivity of the metaatom array is still close to zero in the operation frequency range, the effective permittivity for the meta-atom array has less oscillation compared to Fig. 1(d) , because of the interaction among the adjacent meta-atoms. Meanwhile, the material loss of the gain meta-atom array is still greatly less than that of the non-gain meta-atom array. The corresponding effective refractive index for the meta-atom array is also displayed in Fig. 2(b) , according to the formula of n x ¼ ffiffiffiffi e x p . It is clear that due to the loss compensation by gain media, both the real part and the imaginary part of the effective refractive index for the gain meta-atom array are much smaller than that of the non-gain meta-atom array in the designed operation frequency range, which will directly lead to superior performance in functional optical devices constructed with the gain meta-atoms. Figure 3 displays the results from the constructed ENZ prism, made of the meta-atoms with an oblique upper surface of 10 in the air, for realizing broadband directional emission. Figure 3(a) gives the simulation results at the frequency of 464 THz for both the gain prism and the non-gain prism, with a TM-polarized Gaussian beam incident from the bottom of the prism. Compared with the non-gain prism, the angle of refraction of the out-going Gaussian beam is much smaller in the gain prism, while the amplitude of the outgoing Gaussian beam from the gain prism is also much stronger because of the loss compensation of the gain media. In TABLE II. Geometric structure of non-gain meta-atom.
Step addition, Fig. 3(b) summarizes the variations of the angle of refraction with respect to the frequency for both the gain prism and the non-gain prism. The solid (gain prism) and dashed (non-gain prism) curves represent the angle of refraction calculated from the Snell's law based on the retrieved effective refractive index in Fig. 2(b) . On the other hand, numerical simulations are performed at 10 equally spaced frequencies, from 444 THz to 489 THz, in the operation frequency range, with the results marked by the circle (gain prism) and diamond (non-gain prism) symbols. For comparison, simulations are considered for both the meta-atom constructed prism (solid symbols) and the effective medium constructed prism (hollowed symbols) with the retrieved effective permittivity in Fig. 2(a) . It is clear that for both gain prism and non-gain prism, the variations of the angle of refraction, calculated from the three methods, are coincident with each other in the operation frequency range. However, for the gain prism, it is still found that the theoretical angle of refraction is different from the simulation results when the frequency approaches to the right boundary of the operation frequency range. That is because the imaginary part of the retrieved effective permittivity of the gain prism becomes negative once the frequency crosses the right boundary of the operation frequency range, indicating that the gain prism has a positive net gain so that the determination of the refractive index does not simply follow the definition of n x ¼ ffiffiffiffi e x p but becomes more complicated. [25] [26] [27] [28] Furthermore, the average value of the angle of refraction of the gain prism is only 1.76 , which is much smaller than 4.82 obtained with the non-gain prism. It indicates clearly that the gain prism presents superior performance in the entire operation frequency range due to the loss compensation of the gain media.
With the near-zero permittivity, the gain (non-gain) meta-atom can also be constructed as S-shaped lenses for shaping the phase front of the electromagnetic wave displayed in Fig. 4 . The simulation results shown in Fig. 4(a) are calculated at the frequency of 464 THz for the S-shaped lenses made of gain meta-atoms and non-gain meta-atoms with the same geometry. Clearly, the shape of the phase front of the out-going Gaussian beam from the gain S-shaped lens matches the upper surface geometry much better than that from the non-gain S-shaped lens, due to the smaller refractive index in the gain S-shaped lens. Additionally, Fig. 4(b) summarizes the average phase variation of the out-going Gaussian beam in terms of the theoretical results based on the retrieved effective permittivity, and the simulation results based on the meta-atom constructed S-shaped lenses and the effective medium constructed S-shape lenes for both gain S-shaped lens and non-gain S-shaped lens. It is clear that all these results agree with each other in the designed operation frequency range. However, it is still worth mentioning that due to the inevitable scattering from the internal structures and the boundaries, the simulation results are not exactly the same as the theoretical results. Nevertheless, the apparent difference between mean value of the average phase variation of the gain S-shaped lens (0.273 rad) and the non-gain S-shaped lens (0.484 rad) demonstrates the advantage of the loss compensation by gain media.
In conclusion, based on the Milton representation of the effective permittivity and the optical nonlocality due to the metal-dielectric multilayer structures calculated from the transfer-matrix method, the design strategy for achieving the gain-doped broadband ENZ meta-atom consisting of steplike metal-dielectric multilayer structures in optical frequency range has been proposed and demonstrated. Functional optical devices including prims for directional emission and S-shaped lenses for phase front shaping have been constructed with the gain-doped broadband ENZ meta-atoms to realize exotic broadband electromagnetic properties. Due to the compensation effect of the gain media, the material loss has been significantly reduced so that and the performance of functional optical devices can be improved over the broad operation frequency range. The demonstrated loss-compensated broadband ENZ metamaterials will further enhance many practical applications in optical communications, imaging processing, energy redirecting, and adaptive optics.
